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Abstract. We prove that, under a mild condition on the hy- 
perbohcity of its periodic points, a map g which is topologically 
conjugated to a hyperbohc map (respectively, an expanding map) 
is also a hyperbolic map (respectively, an expanding map). In par- 
ticular, this result gives a partial positive answer for a question 
done by A. Katok, in a related context. 



1. Introduction 

Since Smale proposed the notion of uniformly hyperbolic dynamical 
system, the theory and results obtained by dynamicists around the 
world have described many of its features, from the structural and 
measure-theoretical points of view. 

Nevertheless, the study of conditions for a non uniformly expanding 
map be expanding is not well understood, regarding the few results 
concerning the subject. One of these results, is the remarkable the- 
orem of Mane 0, valid for invariant sets without critical points for 
interval maps. Outside this setting, not much is known and it is by 
itself a interesting point of research. In particular, the study of non 
uniform expanding rates and conditions over a given set of points and 
its relations with uniform expanding behavior appears in several recent 
papers (0,0 and ^01)- Let us briefly describe some of this results: 

We say that a local diffeomorphism f is non uniformly expanding 
(NUE) on a set X , if there exists rj < such that 

^ n— 1 

liminf-log V ||[L>/(/-'(x))]"^|| < 77 < for all x G X. 

j=0 

In ([3j), the authors proved that any local diffeomorphism in a compact 
manifold admitting non uniform expansion at a set of total probability. 



Date: February 2, 2008. 

Work carried out at the Federal University of Bahia. Partially supported by 
PADCT/CNPq and UFBA. 

1 



2 ARMANDO CASTRO, KRERLEY OLIVEIRA, AND VILTON PINHEIRO 

i.e., with full measure for any invariant measure, is in fact an expanding 
map. Similar results holds for diffeomorphisms. 

By Oseledets(|2|), one knows that if fi is an invariant measure for a 
map /, then the number 

X{x,v) = lim -\og\\DP{x)v\\, 

n^oo Tl 

is defined in a set of total probability and it is called Lyapunov exponent 
at X in the direction v. In j^, the author prove that if / is a local 
diffeomorphism such all Lyapunov exponents are positive then it is, in 
fact, a expanding map and also obtained the results for diffeomorphisms 
admitting continuous splitting (see Theorems ITUl and ITTj) . 

Here, we consider the universe of systems without critical points 
which are topologically conjugated to expanding maps. In such con- 
text, a necessary and sufficient condition for a system to be expanding 
is just that it is non uniformly expanding on the set of periodic points. 
Therefore, as a main result, we prove that a local diffeomorphism topo- 
logically conjugated to an expanding map is itself an expanding map if, 
and only if, it is non uniformly expanding on the set of periodic points. 
We also obtain a similar result for dynamics with non uniformly hy- 
perbolic (NUH) periodic points conjugated to an uniformly hyperbolic 
map. 

Theorem A. Let g : M ^ M be a C'^-class local diffeomorphism on 
a compact manifold M. Suppose that g is topologically conjugated to 
an expanding map f. If g is non uniformly expanding on the set 
Per{g) of periodic points, then g is an expanding map. 

Remark 1. We observe that the condition NUE on the periodic points 
is not enough to assure that the map g is expanding, even if we assume 
that g is topologically conjugate to an expanding map. It is a standard 
matter that the map z ^ z"^, defined on the circle is topologically 
conjugated to a map with criticalities satisfying NUE condition on the 
periodic points. See the figure HJ 

In the Theorem due to the fact that we are dealing with maps 
that are local diffeomorphisms we avoid examples as in Remark ^ 

For diffeomorphisms, the existence of a continuous splitting of M 
plays a similar role. In ^U], the authors exhibit an example of a non- 
hyperbolic horseshoe such that the splitting is continuous over the pe- 
riodic points and all Lyapunov exponents are positive and bounded 
from zero. In particular, some condition of continuity of the splitting 
in the closure of the periodic points is necessary. In order to state our 
results in the invertible case, we need the following definition: 
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Figure 1 . Lift to the interval of a map in satisfying 
NUE condition on the periodic points and topologically 
conjugated to z ^ 

Definition 2. (Non uniformly hyperbolic set). Let g : M ^ M he a 
diffeomorphism on a compact manifold M. We say that an invariant 
set C M is a non uniformly hyperbolic set or, simply, NUH, iff 

(1) There is an Dgf— invariant splitting TsM — © E'^'^; 

(2) There exists rj < and an adapted Riemannian metric for which 
any point p E S satisfies 

^ n— 1 

liminf- Vlog||L'^(^-'(p))|Ec.(gi(p))|| < r] 

n-^+oo n 

j=0 

and 

n— 1 

liminf-^log||[L'5(c/^(p))|Ec.(^,(j,))]-^|| < r] 

j=0 

We also recall here the notion of hyperbolic set: 

Definition 3. Let A be an invariant set for a diffeomorphism / 
of a manifold M. We say that A is a hyperbolic set if there is a 
continuous splitting TaM — E^®E^ which is T/-invariant {Tf{E'') = 
E% Tf{E'') = and for which there are constants c>0, 0<A<1, 
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such that 

\\Tr\Es\\ < cA", \\Tr^\E4 < cX'^.^n G N. 

For the diffeomorphism case, we have two shghtly different resuhs: 

Theorem B. Let g : M ^ M be a C"^ diffeomorphism on a compact 
manifold M , and let A (Z M be a compact invariant set. Suppose that 
g\\ is topologically conjugated to a diffeomorphism f restricted to a 
set A, hyperbolic for f. If the set Per{g) of periodic points of g is non 
uniformly hyperbolic (NUH), andTper{g)M = E'^^®E'^^ is a dominated 
splitting, then A is a hyperbolic set for g. 

Theorem C. Let g : M —>■ M be a C"^ diffeomorphism on a compact 
manifold M , and let A d M be a compact invariant set. Suppose that 
g\\ is topologically conjugated to a diffeomorphism f restricted to 
a set A, hyperbolic for f . If the set Per{g) of periodic points of g 
is non uniformly hyperbolic (NUH), and Tper{g)M = E'^^ © E'^'^ has a 
continuous extension to a splitting on Tp^^^^^ M, then A is a hyperbolic 
set for g. 

In fact, theorem El is a consequence of this last theorem O Never- 
theless, the hypotheses in ^ are easier to verify. 

Remark 4. With the same proof, all results in this paper are valid if 
the derivative Dg is just Holder continuous. 

Definition 5. (Shadowing by periodic points). Let f : M ^ M 
be a map and A C M be a compact (^-invariant set. We say that 
(/, A) has the shadowing by periodic points property if given e > 0, 
exists a > such that for any orbit segment {x, . . . , /"(x)} C A with 
x) < a there exists a periodic point p E M with period n such 
that d{f^{p), f-'{x)) < e, forallO < j < n. In this case, we say that the 
orbit of p e— shadows the orbit segment {x, . . . , /"(x)}. 

If A C M is a hyperbolic, compact invariant set for a diffeomorphism 
/, then the classical theory of hiperbolic systems implies that (/, A) has 
the shadowing by periodic points property (see proposition 8.5 in |6j). 
The same is also valid for any system which is topologically conjugated 
to /. Shadowing by periodic points is the key ingredient in the proofs 
of the theorems El ^ and we stated above in this introduction. 
Therefore, as a consequence of their proofs, we also obtain the following 
(more general) results: 

Theorem D. Let g : M ^ M be a C"^ local diffeomorphism on a 
compact manifold M . Suppose there exists an invariant compact set 
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A C M such that {g,A) has the shadowing by periodic points property 
If g is non uniformly expanding on the set Per{g) of periodic points, 
then g is an expanding map on A. 

Theorem E. Let g : M M he a C"^ diffeomorphism on a compact 
manifold M , and let A d M he a compact g-invariant set. Suppose 
that {g,A) has the shadowing by periodic points property. // the set 
Per{g) of periodic points of g is non uniformly hyperholic (NUH), and 
Tper(g)M = E^^ © E^'^ is a dominated splitting, then A is a hyperholic 
set for g. 

Theorem F. Let g : M M he a C"^ diffeomorphism on a compact 
manifold M , and let A d M he a compact g-invariant set. Suppose 
that {g, A) has the shadowing by periodic points property. // the set 
Per{g) of periodic points of g is non uniformly hyperholic (NUH), and 
Tper{g)M = E'^^ © E''^" has a continuous extension to a splitting on 
T-p^^^M , then A is a hyperholic set for g. 

2. The endomorphism case: non uniformly expanding 



During this section, g : M ^ M will always be a C^— local diffeo- 
morphism which is topologically conjugated to a expanding endo- 
morphism. 

We recall the definition of NUE: 

Definition 6. (Non uniformly expanding set). Let g : M ^ M he a, 

map on a compact manifold M. We say that an invariant set S" C M 
is a non uniformly expanding set or, simply, NUE, iff: 

There exists < and an adapted Riemannian metric for which any 
point p E S satisfies 



Remark 7. In this paper, we will always focus our attention on the 
set of periodic points Per{g) of g. Given a point p G Per{g), let us 
set t = t{p) := period{p). In such case, the following equivalence is 
immediate: S := Per{g) is NUE iff there exists ^ < 1 such that for 

each periodic point p, nj=o~^ II [-^fi'(fi'"'(p))] ""^11 < 

For the sequence, we give a simplified definition for the case of local 
diffeomorphisms of the notion introduced by |3]: 



PERIODIC SET 




n— 1 



j=0 
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Definition 8. (Hyperbolic time for local diffeomorpliisms) Let 2 G M 
be a regular point. We say that A; G N is a q-hyperbolic time for z if for 
i = 1, . . . , k, holds 

i 

l[\\iD9\{9'-'{m-'\\<<^'- (1) 

Lemma 9. Suppose that g is topologically conjugated to an expanding 
map f . Let x be a recurrent, regular point of g. If Per {g) is NUE, 
then all Lyapunov exponents of x are positive. 

Proof: Let 6 > such that, given any ball B{z, 6) the corresponding 
inverse branches of g are well defined diffeomorphisms. Let ^ = e^, 77 as 
in definitionini <; < <j' < 1 fixed, and let e > such that (a/^)^^ — e > 1- 
Since x is a regular point, there is tiq G N such that 

{qj - e)" ■ \\vj\\ < \\Dg'^{x) ■ Vj\\ < [qj + e)" ■ \\vj\\\/vj G Ej,\/n > tiq. 

where Ej are the Lyapunov eigenspaces and log(gj) are their respective 
Lyapunov exponents. 

Now, by Pliss Lemma 0, there exists ni > no such that any point 
y for which we have 11^=0 II — '^""5 ^r some n > ni, 
then y has, at least, no hyperbolic times less than ni. 

We fix < (5' < 5 such that 

\\[Dg-\y)\\ < -^\\Dg-\z)\\yz,y;d{z,y) < 5', 

where g~^ is an inverse branch for g. 

We set < S" < S' such that if g'"^ is an arbitrary composition of n 
inverse branches for g, then dia.m{g~"{B{z, 6")) < 6', \/z G M, Vn G N. 
This occurs because it is valid for the hyperbolic system / to which g 
is conjugated. 

As X is a recurrent point, we set n2 > ni a return time such that a 
neighborhood C B{x, 6") of x is taken by g""^ onto B{x, 6"). 

Therefore, writing G := (c/"^|yJ-\ G : B{x,6") 14 C B{x,6") 
has a fixed point p E V^, which is a periodic point of period n2 for g. 
By hypothesis, p is a hyperbolic periodic point for which we have 

n2 — 1 

n \\[Dgig\p))]-T' > lk""^ll ^ 11^^(^)11 < 
3=0 

By our choice of ni and the equation above, there exists a ^'—hyperbolic 
time uq < n' < n2 for p. 
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Due to lemma 2.7 in |4j (see also prop. 2.23 in 1^2^), n' is also a 
a/^— hyperbolic time for x. In particular, this implies that 

\\Dg''\x) ■ v\\ > Vt; G T^M. 

Therefore, > ^ — e > 1, Vj. This means that all Lyapunov 
exponents of x are greater than 1. 

□ 

We note that the set of Oseledet's regular, recurrent points is a 
total probability set, due to Oseledet's theorem and Poincare's Recur- 
rence theorem. This means that such set has measure equal to 1 for 
any (yf— invariant probability measure. So, for any ^f-invariant measure, 
lemma ini implies that all Lyapunov exponents are positive. Therefore, 
our theorem El is obtained applying lemma IHl to the following result: 

Theorem 10. jH] Let f : M ^ M be a local diffeomorphism on a 
compact Riemannian manifold. If the Lyapunov exponents of every f 
invariant probability measure are positive, then g is uniformly expand- 
ing. 

3. The diffeomorphism case: non uniformly hyperbolic 

periodic set 

Now, we treat the case when / is a diffeomorphism. Along this 
section, we suppose that the periodic set Per{g) is NUH. (see definition 
13 on page EI) • 

The following remark is the analogous of remark [7| for the diffeomor- 
phism case: 

Remark 11. We note that the set of period points Per{g) is NUH iff 
there exists <^ > 1 such that for each periodic point p with period t{p), 
thennjS"' \\[Dg\E^ig^ip))]-'\\-' > and H^^' \\Dg\Esig^{p))\\ < 

Before we state and prove the next lemma let us introduce some 
notation. Given a periodic point p G M, we denote the cone over 
E^i^p) of width < a < 1 by 

C'Hp) ■= {'"s + Vu e E^'ij)) © E'^ip), such that a\\vs\\ < \\vu\\. 

Analogously, we define a cone over E'^{p) of width a. 

Now we adapt the definition of hyperbolic times to the context of 
diffeomorphisms (see also pQ). 

Definition 12. (Hyperbolic time for stable directions) Let < A < 
1 and 2 G M be a regular point. Suppose that E is an invariant 
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subbundle of T^z)M, where E>{z) is some orbit segment of z. We say 
that /c G N is a X— hyperbolic time for z if for g~^{z) = y and i = 1 . . .k, 
holds 

i-l 

U\\^9W(ym<^'- (2) 

j=0 

An analogous definition can be done for unstable directions just ex- 
changing g by in the definition above. 

Lemma 13. Let g : M ^ M be a C"^ diffeomorphism and A G M be 
some compact g-invariant set. Suppose that g\A is topologically conju- 
gated to a f\f^, where A is a hyperbolic set for f . Let x be a recurrent, 
regular point of g. Suppose that Per{g) is NUH, and that the splitting 
Tper{g) = E'^^Q)E'^'^ havc a continuous extension to Tp^;^M = E^^E"^ . 
Then all Lyapunov exponents of x are nonzero. 

Proof: Let ^ = e'', ?7 < as in definition |2l <j < ^' < 1 fixed, and 
let e > such that (v^)~^ — e > 1. Since x is a regular point, there is 
no G N such that 

(^i - e)" ■ ll^^jll < \\Dg''{x) ■ Vj\\ < (^^ + e)" ■ ||t;j||Vt;j G Ej,Wn > no, 

and 

(9 - e)"" ■ ll^^jll > \\Dg'''{x) ■ VjW > (9 + e)"" ■ ||^;J||V^;J G Ej,yn > uq. 

where Ej are the Lyapunov eigenspaces and log(gj) are their respective 
Lyapunov exponents. We denote by E'^s{x) (respectivelly, E'^'^{x)) the 
space spanned by the Lyapunov eigenspaces with negative (respectiv- 
elly, positive) Lyapunov exponents. will denote the Lyapunov 
eigenspace corresponding to an eventual zero Lyapunov exponent. 

Let us prove that the dimension of the space E'^^{x) corresponding 
to the negative Lyapunov exponents of x is equal or greater than the 
dimension of the stable space of any periodic point. An analogous result 
will obviously hold for Therefore, we conclude that T^-M = 

E'^'^{x) © E'^^{x) and that all Lyapunov exponents of x are nonzero. 

By taking charts, due to the uniform continuity of Dg, we can fix 
< a < 1 and < 5' such that if z is periodic, 

\\Dg{y) ■ v\\ < ^\\Dg\Ecs(^,){z)\\\\vl\/y G 5(z,5'),Vt; G C:{z). 

Due to the continuity of E^, we can assume a small enough such that 
each cone C^i^z) contains E^{y) or all point y G B{z, 6') fl Per{g). 

Now, by Pliss Lemma in |8j, there exists ni > uq such that any point 
z G Per{g) for which we have 11^=0 < for some 

n > Hi, then z has, at least, uq hyperbolic times less than ui. 
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As X is a recurrent point (also for g^^), we set n2 > ni a return 
time for such that there exists one periodic point p with period n2 
that (J'/S— shadows the orbit segment {x , (x) , . . . , g~^^ (x)} . Such 
periodic point exists because ^^Ia is conjugated to a diffeomorphism 
flhatA which is shadowed by periodic points (see proposition 8.5 in ^). 

By hypothesis, p is a hyperbolic periodic point for which we have 

n2-l 

II n < ik"ii 

j=0 

By our choice of rii and the equation above, there exists a ^'—hyperbolic 
time uq < n' < n2 for p. 

Due to prop. 2.23 in [2], n' is also a hyperbolic time for x. More 
precisely, this means that 

n'-l 

n iiz^^?u.(,-„'+.(,))(^?^-(r"'(x)))ii < 

since the space E'^{g~'^''^^ {x)) C C^(5f""'+-''(p)). 
In particular, this implies that 

||D^-"'(x) ■ v\\ > v^""'||t;|l> Vt; G E\x) (3) 

This implies that the dimension of the negative Lyapunov exponents 
space E^^{x) is at least the dimension of E^{x) which equals the di- 
mension of E^'^ip). In fact, if we had dim(ii^^(a;)) > dim(ii^'^*(x)), then 
since T^M = E'''{x)®E°{x)®E''''{x), the intersection E^{x)n{E^{x)® 
E'^^{x)) would be nontrivial. That is an absurd, because no vector in 
{E^{x) © E'="(x)) \ {0} satisfies equation El 

Applying the same arguments above to E'^'^{x) we conclude that the 
number of positive Lyapunov at x is at least the dimension of E'^u{p) 
and this concludes the lemma. 

□ 

For the next results we recall here the definition of dominated split- 
ting: 

Definition 14. (Dominated splitting). Let / : M ^ M be a diffeo- 
morphism on a compact manifold M and let X C M be an invariant 
subset. We say that a splitting TxM = E (B E is a dominated splitting 
iff: 

(1) The splitting is invariant by Df, which means that Df{E{x)) = 
E{f{x)) and Df{E{x))=E{f{x)). 
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(2) There exist < A < 1 and some / G N such that for all x G X 
sup {\\df\x)v\\}-i mf {||rf/(a;).;||})-^<A. 

i;eE,||i;||=l t)e-B,||i)||=l 

A priori, we do not require dominated splitting to be continuous. 
However, they always are: 

Lemma 15. Let f : M ^ M be a diffeomorphism on a compact man- 
ifold M . Let X G M be some f— invariant set. Suppose there exists 
some invariant dominated splitting TxM = E ® E. Then, such split- 
ting is continuous in TxM , and unique since we fix the dimensions of 
E, E. Moreover, it extends uniquely and continuously to a splitting of 
TxM. 

Proof: By replacing / by an iterate, there is no loss of general- 
ity in supposing that / G N in definition HH equals to 1. We start by 
constructing an invariant dominated splitting on T-j^M extending the 
one we have on TxM. Let 0{x) be an orbit contained in X. Our 
construction will be dependent of some choices. We choose one repre- 
sentative of 0(a;), for example x. Let us also choose some (a;„), Xn G X, 
x„ ^ X G M, as n oo. Let -u^, . . . G E{xn), '0^"^\ . . . ,-0™ G E{xn) 
be orthonormal bases of E{xn), E{xn), respectively. The domination 
property is equivalent to 

^ ^ m 

\\Df{Xn)Y.a,vi\\ ■ \\Df{Xn)Y,. J^^nt' < ^ < 1' 

i=i 

for any convex combination Yl]=i ^^j'^n^ SI^s+i A^n- Replacing by 
some convergent subsequence, if necessary, we can suppose that (f \ . . . , 
f y-^, . . . G TxM (resp. ('0*'''^, . . . , v"^) ) is the limit of the sequence 
(f^, . . . , v^) (resp. of the sequence ("O^"*""^, . . . , -O™)). Since the domina- 
tion property is a closed condition, 

\\Df{x)J2<y,v^\\ ■ \\Df{x)J2^^^^^P^^T' < A < 1, 
i=i 

holds. 

Now, we write G for the Gram-Schmidt operator (which takes a 
linearly independent set of vectors on an orthonormal set of vectors 
spanning the same vector space). Given any iterate y = /^(x), G Z, 
then f^{xn) — >■ y and 

G o {Df\x^)vl Dfix^yj ^ G o {Dfixy, Df\xy), 
Go{Dfix^)v:+\ Df\xX) - Go{Df\xW^\ Df{x)vn, 
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as n — >• cxD. Writing (w^, . . . , w^) := G o [Df^{x)v^, . . . , Df^{x)v^) and 
. . . , w^) := G o . . . , Df {x)v"'), k e Z, the same 

calculations above show that 

TyM = span{wl ...,wl}® span{wl+\ ...,w]^}^: E{y) E{y) 

is a dominated splitting. 
Moreover, it is clear that 

Df{f{x)){span{wl, wl}) = span{wl+i, w^+J 

and 

Df{f\x)){span{wl-^\ . . . ,<}) = span{wlX\, ■ ■ 

which implies that it is an invariant splitting. 

Note that since the dominated sphtting condition is a closed condi- 
tion, if we prove that there exists a unique dominated splitting with the 
same dimensions of the splitting we constructed, it will be automati- 
cally continuous. This is because, given Xn ^ x E X , any convergent 
sequences of orthonormal bases of E{xn),E{xn) will converge to or- 
thonormal bases of dominated spaces in T^M which due the uniqueness 
will necessarily be E{x), E{x). 

The argument to prove uniqueness is the following. Suppose that we 
have two invariant dominated splittings T-^M = E®E, TxM = E'®E'. 
Fix an arbitrary x E X. 

By changing / for some positive iterate /' , there is no loss of gener- 
ality in supposing that domination condition is valid for Z = 1 on both 
splittings. The domination condition yields: 

\W\e^.)\\{ inf {\\Df{x)v\\})-'<X 

v&E,\\v\\=l 

and 

\WW.)\\{ mf {\\Df{x)v\\})-'<\. 
veE',\\v\\='^ 

Let us show that E{x) = E\x). Note that if E[x) C E\x) (or vice- 
versa), as the spaces have the same dimension, they should be the same. 
So, let us suppose by contradiction that there exist v G E{x) \ E\x) 
and v' e E'[x) \ E{x). We then write v — ve' + v^,, with ve' G E' , 
vp & E' and vp ^ 0. This last inequality, together with the invariance 
of the splittings implies that 

where v'^, and v^, are unitary vectors respectively in and 
E'{f"{x)) and ajp^ ^ A" ^ 0. In particular, L>/"(x) • v e E{f"{x)) 
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belongs in an arbitrarily small width cone over E'{f"'{x)) (which dom- 
inates E'{f"'{x))), as we take n sufficiently big. This implies that, for 
all n G N sufficiently big, there exists Vn = Df^{x) ■ v /\\D f^{x) ■ v\\ G 
such that 

■ \\Df{yn)Vnt^ < A < 1, 

where ?/„ = /"(x). Now, we repeat the same argument above for 
v' G E\x) \ E{x) and again for all n sufficiently big, we obtain unitary 
vectors v'^ G E'{yn) such that 

IM/U(.,0l|-P/(2/nKir'<A<l. 
Therefore, we have 

\\df\E'iyJ\<X-\\Df{yn)Vn\\<X-\\df\EiyJ\ 

and 

IM/Ufe„)ll < A- p/(y>;il < A- 

which is a contradiction. 

□ 

Lemma 16. Suppose that g is topologically conjugated to a hyperbolic 
map f. Let x be a recurrent, regular point of g. Suppose that Per{g) 
is NUH, and that the splitting Tper(g)M = E'^'^ © E'^'^ is a dominated 
splitting. Then all Lyapunov exponents of x are nonzero. 

Proof: The proof is a direct consequence of lemmas ^1 and E| By 
lemma IT^ the invariant dominated splitting over Tper{g)M extends to 
a unique continuous invariant (dominated) splitting over Tper{g)M. So, 
we become under the hypotheses of lemma IT^ which allows to conclude 
that all Lyapunov exponents of any recurrent point x G M are nonzero. 

□ 

By the same arguments as in the expanding case (see paragraph 
below the proof of lemmalHI), our theorem^is obtained applying lemma 
IT3lto the following result: 

Theorem 17. [9J Let f : M ^ M be a difjeomorphism on a 
compact Riemannian manifold, with a positively invariant set A for 
which the tangent bundle has a continuous splitting T\M = E'^^ © E'^'^ . 
If f has positive Lyapunov exponents in the E^'^ direction and negative 
Lyapunov exponents in the E^^ direction on a set of total probability, 
then f is uniformly hyperbolic. 
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4. On a CONJECTURE OF A. Katok 

A. Katok has conjectured that a system which is Holder conju- 
gated to an expanding map (respectively, an Anosov diffeomorphism) 
is also expanding (respectively, is also an Anosov diffeomorphism). 

Note that, under the hypotheses of such conjecture, the periodic 
points of the g : M ^ M are hyperbolic, with uniform bounds for the 
eigenvalues of iterate of Dg in the period of such points. This is proven 
below. 

First, we consider the expanding case. Let p a periodic point of 
period t of g. Then, h{p) is a periodic point of period t of /. Let us 
call f'^ the inverse branch of /, defined on a neighborhood of the orbit 
of h{p), for which h{p) = p is a periodic point of period t. Analogously, 
let us call g~^ be the inverse branch of g for which p is a periodic point 
of period t. Since / is an expanding map, there are < A < 1 and 
S > such that 

d{n{x),nm < X'd{x,y),Wj e N,yx,y e B{p,6). 

As an immediate consequence of the conjugation h there exists 

S > such that 

d{g-^{x),g-^{y)) < {X^ K^+-d{x,y)^'^'\^3 e N,Va:,|/ e B{p,5) 
and 

d{g-^{x),g-^{y)) < (A")^i^^+"5"^ Vj e N,Vx,y e B{p,5). (4) 

Proposition 18. Let B{xo,r) C M and G : B(xo,r) — > B(xo,r) 
a class local diffeomorphism such that G{xq) — Xq and for some 
0<A<1 and 0</?<l 

(i(G"^(x),G"(l/)) < AX^,2/)^Vx,i/ G 5(xo,r). 

Then all eigenvalues of DG{xq) are equal or less than A. 

Proof: Using charts, there is no loss of generality in supposing 
that M is an cuclidean space and Xq = 0. By contradiction, suppose 
there exists an invariant splitting = E'^ + E'^, an adapted norm 
= ||(a:;s, Xc)|| = max{||a;s||, ||xc||} and u > A such that 

\\DG{<d)-Xs\\ < A - \\xs\\yxs e E', 

\\DG{0)-Xc\\ >a - \\xc\\,yxc e E". 
Let e > such that X + e < a — e and take 9 — 
Therefore, there is f < r such that if we write 

G{x) = DG(0)-x + p(x), 

then ||p(x)|| < e||x||, \/x, \\x\\ < f. 
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We define a central cone 

Vc ■■= {{xs,Xc); \\xs\\ < 0\\xc\\} 

By the hypothesis, there exists r <f such that G'"'{B{0,r)) C -8(0, f), 
Vn e N. So, let us iterate x G B{0,f) fl Vc (we write = G"(a;)). We 
obtain: 

H\\ > <^\\4\\ - 4A\ > - 

and 

lk'll<A||x°||+6||x°||<(A + 6)||x°||. 
This implies that 

II 111 ^ -^ + ^ 11 111 

II sll cll 

In particular, ii x E -8(0, f) fl then G{x) G Vg. 
Therefore proceeding inductively, we obtain 

= > (cT-e)"||x°|| = (a - e)"||x°||. 

This contradicts the hipothesis, which implies that 

<const-A",VneM. 

As e > is arbitrary, we conclude that any eigenvalue of -DG(O) is 
less than A. 

□ 

The proposition above implies our assertive that, if a map g is Holder 
conjugated to an expanding map (respectively, Anosov) then all peri- 
odic points have only nonzero Lyapunov exponents, and such exponents 
are uniformly bounded away from zero. However, up to now we do not 
know if, for example, the mild uniformity given by a Holder conjuga- 
tion, plus the conjugation itself, imply that Per{g) is NUE. 

Nevertheless, as a direct consequence of the last section, we obtain 
that such conjecture is valid in the case that Per{g) is NUE (respec- 
tively, for Anosov, if Per{g) is NUH with dominated splitting). 
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